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Abstract. The value of stocks, indices and other assets, are examples of stochastic processes with unpre-
dictable dynamics. In this paper, we discuss asymmetries in short term price movements that can not be
associated with a long term positive trend. These empirical asymmetries predict that stock index drops are
more common on a relatively short time scale than the corresponding raises. We present several empirical
examples of such asymmetries. Furthermore, a simple model featuring occasional short periods of synchro-
nized dropping prices for all stocks constituting the index is introduced with the aim of explaining these
facts. The collective negative price movements are imagined triggered by external factors in our society, as
well as internal to the economy, that create fear of the future among investors. This is parameterized by
a “fear factor” defining the frequency of synchronized events. It is demonstrated that such a simple fear
factor model can reproduce several empirical facts concerning index asymmetries. It is also pointed out
that in its simplest form, the model has certain shortcomings.

PACS. 89.65.Gh Economics; econophysics, financial markets, business and management

1 Introduction and motivation

Extreme events such as the September 11, 2001 attack on
New York city are known to trigger rather systematically
collapses in most sectors of the economy. This does not
happen because fundamental factors in the economic sys-
tem have worsened as a whole (from one day to another),
but because the prospects of the immediate future are
considered highly unknown. Investors simply fear for the
future consequences of such dramatic events, which is re-
flected in dropping share prices. In other words, the share
prices of a large fraction of stocks show collectively a neg-
ative development shortly after such a major triggering
event [1].

These facts are rather well-known, and one may give
several other similar examples. Fortunately, such extreme
events are not very frequent. One should therefore ex-
pect that collective draw-downs are rare. On the con-
trary, we find that they are much more frequent than
one would have anticipated. One may say there is a se-
quence of “mini-crashes” characterized by synchronized
downward asset price movements. As a consequence it is
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consistently more probable — up to a well defined (short)
timescale — to loose a certain percentage of an investment
placed in indices, than gaining the same amount over the
same time interval. This is what we call a gain-loss asym-
metry and it has been observed in different stock indices
including the Dow Jones Industrial Average (DJIA), the
SP500 and NASDAQ [2], but not, for instance, in foreign
exchange data [3].

In this paper we will briefly revisit some of the empir-
ical facts of the gain-loss asymmetry. Then we suggest an
explanation of the phenomenon by introducing a simple
(fear factor) model. The model incorporates the concept
of a synchronized event, among the otherwise uncorrelated
stocks that compose the index. This effect is seen as a con-
sequence of risk aversion (or fear for the future) among the
investors triggered by factors external, as well as internal,
to the market. In our interpretation, the results show that
the concept of fear has a deeper and more profound con-
sequence on the dynamics of the stock market than one
might have initially anticipated.

2 The inverse statistics approach

A new statistical method, known as inverse statistics has
recently been introduced [3-6]. In economics, it represents
a time-dependent measure of the performance of an asset.
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Let S(t) denote the asset price at time t. The logarithmic
return at time ¢, calculated over a time interval At, is de-
fined as [7-9] rac(t) = s(t+At)—s(t), where s(t) = In S(t).
We consider a situation in which an investor aims at a
given return level, p, that may be positive (being “long”
on the market) or negative (being “short” on the market).
If the investment is made at time ¢ the inverse statistics,
also known as the investment horizon, is defined as the
shortest time interval 7,(t) = At fulfilling the inequality
rat(t) > p when p > 0, or ra(t) < p when p < 0.

The inverse statistics histogram, or in economics, the
investment horizon distribution, p(7,), is the distribution
of all available waiting times 7,(¢) obtained by moving
through time ¢ of the time series to be analyzed (Fig. 1a).
Notice that these methods, unlike the return distribution
approach, do not require that data are equidistantly sam-
pled. It is therefore well suited for tick-to-tick data.

If the return level p is not too small the distribution
p(7,) has a well defined maximum, see Figure 1a. This oc-
curs because it takes time to drive prices through a certain
level. The most probable (waiting) time, i.e. the maximum
of the distribution, corresponds to what has been termed
the optimal investment horizon [5] for a given return level,
p, and will be denoted 7, below.

3 Empirical results

In this section, we present some empirical results on the
inverse statistics. The data set used is the daily close of the
DJIA covering its entire history from 1896 till today. Fig-
ure la depicts the empirical inverse statistics histograms

— the investment horizon distribution — for (logarith-
mic) return levels of p = 0.05 (open blue circles) and
p = —0.05 (open red squares). The histograms possess well

defined and pronounced maxima, the optimal investment
horizons, followed by long 1 /t3/ 2 power-law tails that are
well understood [7-10]. The solid lines in Figure la repre-
sent generalized inverse Gamma distributions [5] fitted to-
wards the empirical histograms. This particular functional
form is a natural candidate since it can be shown that the
investment horizon distribution is an inverse Gamma dis-
tribution !, p(z) ~ exp(a/2z)/x3/? (a being a parameter),
if the analyzed asset price process is (a pure) geometrical
Brownian motion [11,12].

A striking feature of Figure 1a is that the optimal in-
vestment horizons with equivalent magnitude of return
level, but opposite signs, are different. Thus the market
as a whole, monitored by the DJIA, exhibits a fundamen-
tal gain-loss asymmetry. As mentioned above other in-
dices, such as SP500 and NASDAQ), also show this asym-
metry [2], while, for instance, foreign exchange data do
not [3].

It is even more surprising that a similar
well-pronounced asymmetry is mnot found for any of

! In mathematics, this particular distribution is also known
as the Lévy distribution in honor of the French mathematician
Paul Pierre Lévy. In physics, however, a general class of (stable)
fat-tailed distributions is usually called by this name.
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(b) The results for the fear factor model.

Fig. 1. (Color online) The inverse statistics distributions: (a)
the panel shows histograms of the inverse statistics for the
DJIA obtained on the basis of the empirical daily close data
covering its entire history of 110 years from 1896. The red open
squares are obtained using a loss level of p = —0.05 and the
blue open circles are obtained using a gain level of p = 40.05
and both distributions are normalized. Note the clear asym-
metry between the loss and the gain statistics. The full curves
are regression fits using a generalized inverse Gamma distribu-
tion [3,5,6]. The inset shows the distributions obtained from
using the same procedure on the individual stocks of the DJIA,
and subsequently averaging over the stocks. Notice that the
asymmetry is absent for individual stocks. (b) The results for
the inverse statistics obtained within the fear factor model ap-
plying parameters characterizing the DJIA and used to pro-
duce the empirical results of (a). In particular it was used that
the index consists of N = 30 stocks and the return level was
set to p/o = 5, where p is the return level and o denotes the
daily volatility of the index. In the model the index volatility,
o, should reflect the observed 1% daily volatility of the DJIA,
and the p/o = £5 therefore corresponds to p = £5% in (a). A
fear factor of p = 0.05 was chosen to reproduce the positions
of the two asymmetric maxima appearing in (a) and indicated
by dashed vertical lines. The dashed thick line is the result for
a fear-factor parameter p = 0, in which case the asymmetry
vanishes. As in (a), the inset shows the loss and gain distribu-
tions for the individual stocks in the model. Notice, that here
the asymmetry is also absent.
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the individual stocks constituting the DJIA [2]. This can
be observed from the insert of Figure la, which shows
the results of applying the same procedure, individually,
to these stocks, and subsequently averaging to improve
statistics.

Figure 2a depicts the empirical dependence of the op-
timal investment horizon (the maximum of the distribu-
tion), 7, as a function of the return level p. If the under-
lying stochastic price process is a geometrical Brownian
motion, then one can show that 7, ~ lp|”, with v = 2,
valid for all return levels p (indicated by the lower dashed
line in Fig. 2a). Instead one empirically observes a differ-
ent behavior with a weak (v & 0), or no, dependence on
the return level when it is small compared to the (daily)
volatility, o, of the index. For instance the DJIA daily
volatility is about opjra ~ 1%. On the other hand a cross-
over can be observed, for values of p somewhat larger than
o, to a regime where the exponent v is in the range of
1.8-2. Based on the empirical findings we do not insist on
a power-law dependence of 7, on p. The statistics is too
poor to conclude on this issue, and there seem to be even
some p dependence in 7. Other groups though [13,14],
have found indications of similar power-law behavior in
both emerging and liquid markets supporting our findings.
An additional interesting and apparent feature to notice
from Figure 2a is the consistent, almost constant, relative
gain-loss asymmetry in a significant wide range of return
levels.

In light of these empirical findings the following in-
teresting and fundamental question arises: why does the
index exhibit a pronounced asymmetry, while the individ-
ual stocks do not? This question is addressed by the model
introduced below.

4 The fear factor model

Recently the present authors introduced a so-called fear
factor model in order to explain the empirical gain-loss
asymmetry [1]. The main idea is the presence of occa-
sional, short periods of dropping stock prices synchronized
between all N stocks contained in the stock index. In
essence these collective drops are the cause (in the model)
of the asymmetry in the index [1]. We rationalize such
behavior with the emergence of anxiety and fear among
investors. Since we are mainly interested in day-to-day be-
havior of the market, it will be assumed that the stochas-
tic processes of the stocks are all equivalent and consistent
with a geometrical Brownian motion [7,8,15]. This implies
that the logarithm of the stock prices, s;(t) = In S;(t), fol-
low standard, unbiased, random walks
si(t—i—l):si(t)—i—si(t)é, i=1,...,N, (1)
where § > 0 denotes the common fixed log-price incre-
ment (by assumption), and ¢;(t) = %1 is a random time-
dependent direction variable. At certain time steps, cho-
sen randomly with fear factor probability p, all stocks
synchronize a collective draw down (g; = —1). For the
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(b) The results for the fear factor model.

Fig. 2. The dependence of the optimal investment horizon on
the return level (scaled with the daily volatility): (a) the DJIA
empirical optimal investment horizon 7, for positive (open cir-
cles) and negative (open squares) levels of return +p. The daily
volatility used for the rescaling was opyia = 1%. In the case
where p < 0 one has used —p on the abscissa for reasons of com-
parison. If a geometrical Brownian price process is assumed,
one will have 7, ~ p” with v = 2 for all values of p. Such a
scaling behavior is indicated by the lower dashed line in the
graph. Empirically one finds values of v ~ 1.8 (upper dashed
line), but only for large values of the return. (b) Results of the
fear factor model analog to the empirical DJIA results of (a).
The parameters used to produce the model results of this figure
were those given in the caption of Figure 1.

remaining time steps, the different stocks move indepen-
dently of one another. To assure that the overall dynam-
ics of every stock is behaving equivalent to a geometric
Brownian motion, a slight upward drift, quantified by the
probability for a stock to move up ¢ = 1/(2(1 — p)) [1],
is introduced. This “compensating” drift only governs the
non-synchronized periods. From the price realizations of
the N single stocks, one may construct the corresponding
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price-weighted index, like in the DJIA, according to

1 & 1
I(t):M;Si(t) = M;exp{si(t)}. 2)

Here d(t) denotes the divisor of the index at time ¢ that
for simplicity has been fixed to the value d(¢) = N. Some
consideration is needed when choosing the value of 4. If
J is too small the daily index volatility? will not be large
enough to reach the return barrier p within an appropriate
time. On the other hand, when ¢ is too large it will cause
a crossing of the negative return barrier no later than the
first occurring synchronous step (if |p| is not too large).
Under such circumstances, the optimal investment hori-
zon for negative returns (Til pl) will only to a very little
extent depend on p which is inconsistent with empirical
observations. Therefore, the parameter ¢ should be chosen
large enough, relative to |p|, to cause the asymmetry, but
not too large to dominate fully whenever a synchronous
step occurs. A balanced two-state system is the working
mechanism of the model — dominating calm behavior in-
terrupted by short-lived bursts of fear. For more technical
details on the model, the interested reader is referred to
reference [1].

It is important to realize that the asymmetric invest-
ment horizons obtained with the model stems from the
very simple synchronization events between stocks iso-
lated in time, and not by means of higher-order corre-
lations. The cause of these simultaneous drawdowns could
be both internal and external to the market, but no such
distinctions are needed to create the dynamics and asym-
metry of the fear factor model. This differs — at least
model wise — the inverse statistics asymmetry from the
leverage phenomenon reported in e.g. [16] and elsewhere.
Though the two phenomena conceptually are related, the
asymmetric gain-loss horizons can be simulated without
involving complex stochastic volatility models.

The minimalism of the model also involves aspects that
are not entirely realistic. Work is in progress to extend the
model by including features of more realistic origin. In par-
ticular, we have included splittings, mergers and replace-
ments as well as selected economic sectors which have their
own fear factors. Moreover, other extensions include more
realistic (fat-tailed) price increment distributions [7-9,17]
as well as time-dependent stochastic volatility for the sin-
gle stocks [7-9,18,19]. The detailed results of these exten-
sions will be reported elsewhere [20].

5 Results and discussion

We will now address the results that can be obtained by
the fear factor model and compare them with the empiri-
cal findings. Figure 1b shows that the model indeed pro-
duces a clear gain-loss asymmetry in the inverse statistic
histograms. Hence, the main goal of the model is obtained.

2 Note that the index volatility does in principle depend on §,
the number of stocks N, as well as the fear factor p.
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Moreover, the investment horizon distributions are quali-
tatively very similar to what is found empirically for the
DJIA (cf. Fig. 1a). In particular, one observes from Fig-
ure 1b that the positions of the peaks found empirically
(vertical dashed lines) are predicted rather accurately by
the model. To produce the results of Figure 1b, a fear fac-
tor of p = 0.05 was used. Furthermore it is observed, as
expected, that the model with p = 0 does not produce any
asymmetry (grey dashed line in Fig. 1b).

A detailed comparison of the shapes of the empiri-
cal and the modelled inverse statistics distribution curves
reveal some minor differences, especially regarding short
waiting times and the height of the p > 0 histogram. One
could find simple explanations for these differences, such
as the fact that the model does not consider a realistic
jump size distribution, or even that it does not include an
“optimism factor” synchronizing draw-ups. This would re-
sult in a wider p > 0 distribution for short waiting times,
and additionally would lower the value of the maximum.
Some of these shortcomings of the minimalistic model has
already been dealt with in reference [20]. For the sake of
this paper, however, none of these extension will be further
discussed in detail.

Figure 2b depicts the optimal investment horizon wvs.
return level obtained from our fear factor model. It is ob-
served that for p > 0 the empirical result for the DJTA
(solid line in Fig. 2b) is reasonably well reproduced. One
exception is for the largest return levels, where a value of
v = 2 seems to be asymptotically approached. This might
not be so unexpected since this is the geometric Brownian
motion value. However, the case is different for p < 0. Here
the empirical behavior is not reproduced that accurately.
Consistent with empirical findings, a gain-loss asymmetry
gap, TJ*rlpl - Ti‘p‘, opens up for return levels p comparable
to the volatility of the index ¢. Unlike empirical observed
results (Fig. 2a), the gap, however, decreases for larger
return levels. The numerical data seems also to indicate
that the closing of the gain-loss asymmetry gap results in
a data collapse to a universal 7 ~ p7 curve with exponent
v =2.

We will now argue why this is a plausible scenario.
Even during a synchronous event, when all stocks drop
simultaneously, there is a upper limit on the drop of the
index value. One can readily show (cf. Eq. (4) of Ref. [1])
that the relative returns of the index during a synchronous
event occurring at ¢t +1 is

AI(t)
1(t)

CI(t+1)—I(t)
— 0 =exp(—d) —1 <0,

3)

which also is a good approximation to the corresponding
logarithmic return as long as I(t) > AI(t) [8]. This syn-
chronous index drop sets a scale for the problem. One has
essentially three different regions, all with different prop-
erties, depending on the applied level of return. They are
characterized by the return level p being (i) much smaller
than; (%) comparable to; or (i) much larger than the
synchronous index drop exp(—d) — 1. In case (i), the syn-
chronization does not result in a pronounced effect, and
there is essentially no dependence on the return level or
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its sign. For the intermediate range, where p is compara-
ble to exp(—d) — 1, the asymmetric effect is pronounced
since no equivalent positive returns are very probable for
the index (unless the fear factor is very small). Specifi-
cally, whenever p < exp(—0) — 1 one collective draw-down
event is sufficient to cross the lower barrier of the index,
thereby resulting in an exit time coinciding with the time
of the synchronization. Of course this is not the case when
p > 0 giving the working mechanism in the model for
the asymmetry at short time scales. For the final case,
where p > exp(—4) — 1, neither the synchronized down-
ward movements, or the sign of the return level, play an
important role for the barrier crossing. However, in con-
trast to case (i) above, the waiting times are now much
longer, so that the geometrical Brownian character of the
stock process is observed. This is reflected in Figure 2b by
the collapse onto an apparent common scaling behavior
with v = 2 independent of the sign of the return level.

The last topic to be addressed in this paper is also
related to an asymmetry, but takes a somewhat different
shape from what was previously considered. By study-
ing the probability that the DJIA index decreases, re-
spectively increases, from day to day, we have found a
9% larger probability for the index to decrease rather
than increase. This information led us to a more sys-
tematic study by considering the number of consecutive
time steps, n¢, the index drops or raises. This probability
distribution will be denoted by p(n:), where the sub-
scripts +/— refers to price raise/drop. The open symbols
of Figure 3 show that the empirical results, based on daily
DJIA data, are consistent with decaying exponentials of
the form py(nt) ~ exp(—v+ |nt|), where v > 0 are pa-
rameters (or rates). It is surprising to observe that also
this measure exhibits an asymmetry since v4 # y_. These
rates, obtained by exponential regression fits to the em-
pirical DJIA data, are v, = (0.62 + 0.01)days™' and
v = (0.74 + 0.03)days '. What does the fear factor
model, indicate for the same probabilities? In Figure 3
the dashed lines are the predictions of the model and
they reproduce the empirical facts surprisingly well. They
correspond to the following parameters v; = 0.62 days™!
and v_ = 0.78days ' for the raise and drop curves, re-
spectively. However, the value of the fear factor neces-
sary to obtain these results was p = 0.02. This is slightly
lower than the value giving consistent results for the in-
verse statistics histograms of Figures 2. In this respect,
the model has an obvious deficiency. It should be stressed,
though, that it is a highly non-trivial task, with one ad-
justable parameter, to reproduce correctly the two differ-
ent rates (1) for the two probabilities. That such a good
quantitative agreement with real data is possible must be
seen as a strength of the presented model.

6 Conclusions and outlooks

In conclusion, we have briefly reviewed what seems to be a
new stylized fact for stock indices that show a pronounced
gain-loss asymmetry. We have described a so-called mini-
malistic “fear factor” model that conceptually attributes

157
lOOEI T [ T [ "N/ T [ T [ T I§
E X 3
- L& L
-1 7 =0.74 days v,=0.62 days _|
10 g - Q + g
- 5 ® ]
_2_ W Q |
10 g_ 74 _§
Cl: g’ ]
a r g LN 1
10°F / Pidn) ~e Q =
F n{ \ 3
L il \ 4
- A . o\
4| / © DIJIA raises \
10 Fm g m DJIA drops 008, ;
r / —+ Model \]
L/ 3
S/ | L | L | L | L | L |
10°5357 10 5 0 5 10 15

n, [days]

Fig. 3. (Color online) The distribution, p+(n¢), of the number
of consecutive days in a row, ng, the DJIA index is dropping
(filled red squares) or raising (filled blue circles squares). We
have adopted the convention that drops correspond to neg-
ative values of m; while raises correspond to positive. The
exponential rates v+ for the empirical DJIA data were de-
termined by regression to v4 = (0.62 £ 0.01)days™' and
v— = (0.74 £ 0.03) days™'. The dashed lines correspond to
the prediction of the fear factor model using the parameters
of Figure 1 except that the fear factor was lowered slightly
(p = 0.02). Notice that only one single parameter, the fear fac-
tor p, had to be adjusted in order to correctly reproduce the
two empirical rates.

this phenomenon to occasional synchronizations of the
composing stocks during some (short) time periods due to
fear emerging spontaneously among investors likely trig-
gered by external world events. This minimalistic model
do represent a possible mechanism for the gain-loss asym-
metry, and it reproduces many of the empirical facts of
the inverse statistics.
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